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Introduction 

The theory of Riemannian submersions was initiated by O'Neill WM and Gray 



||. Presently, there is an extensive literature on the Riemannian submersions 
with different conditions imposed on the total space and on the fibres. A sys- 
tematic exposition could be found in the A.Besse's book || . Semi-Riemannian 
submersions were introduced by O'Neill in his book flT5|; for Lorentzian case see 



Magid jTS). In this paper we study the semi- Riemannian submersions with to- 
tally umbilic fibres. 

The main purpose of section §2 is to obtain obstructions to the existence of the 
semi-Riemannian submersions with totally umbilic fibres and with compact and 
orientable total space, in terms of sectional and scalar curvature. Using a for- 



mula of Ranjan fL6 |, we obtain an integral formula for mixed scalar curvature 
t hv , which give us obstructions to existence of the semi-Riemannian submer- 
sions in some special cases. Then we establish other integral formula of scalar 
curvature of total, base and fibres spaces and another obstruction to existence of 
semi-Riemannian submersions is obtained. 

In section §3 we study the semi-Riemannian submersions n : M — > B with totally 
umbilic fibres, when the mean curvature vector field H is parallel in the horizon- 
tal bundle along fibres and R(X, Y, X, Y) is constant along fibres for every X, Y 
basic vector fields. If moreover we assume that B is a Riemannian manifold and 
M is a semi-Riemannian manifold of index dim M — dim B we deduce that the 
mean curvature vector field H is basic if and only if the horizontal projection of 
R(X, Y)A X Y, denoted by hR(X, Y)A X Y (see page 2), is basic for every X, Y ba- 
sic vector fields. We get there are no semi-Riemannian submersions n : M — > B 
with totally umbilic fibres, M a constant positive curvature semi-Riemannian 
manifold of index dim M — dim B > 2 and B a compact and orientable Rie- 
mannian manifold. Then we find that a semi-Riemannian submersion with to- 
tally umbilic fibres, with R(X, Y, X, Y) constant along fibres for every X, Y basic 
vector fields and with basic mean curvature vector field from an m-dimensional 
semi-Riemannian manifold of index r = m — n with non-negative mixed curva- 
ture onto an n-dimensional compact and orientable Riemannian manifold, has 
totally geodesic fibres, integrable horizontal distribution and null mixed curva- 
ture. Therefore a semi-Riemannian submersion n : M — > B with totally umbilic 
fibres and with sectional curvature of the fibres non-vanishing anywhere, from a 
constant curvature semi-Riemannian manifold M of index dim M — dim B > 2 
is a Clairaut semi-Riemannian submersion. Also we study the case of positive 
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sectional curvature fibres. We give a sufficient condition to have every fibre with 
zero sectional curvature, when the total space has constant curvature. 

1. Preliminaries 

In this section we recall some notions and results which will be needed. 

Definition. Let (M, g) be an m-dimensional connected semi-Riemannian man- 
ifold of index s (0 < s < m), let {B,g') be an n-dimensional connected semi- 
Riemannian manifold of index s' < s, (0 < s' < n). A semi-Riemannian submer- 
sion (see O'Neill |T3[) is a smooth map n : M — > B which is onto and satisfies 
the following three axioms: 

(a) 7T*| p is onto for all p G M; 

(b) The fibres 7r~ 1 (6), b G B are semi-Riemannian submanifolds of M; 

(c) 7T* preserves scalar products of vectors normal to fibres. 

We shall always assume that the dimension of the fibres dimM — dimi? is 
positive and the fibres are connected. 

The vectors tangent to fibres are called vertical and those normal to fibres 
are called horizontal. We denote by V the vertical distribution and by Ti, the 
horizontal distribution. 



B. O'Neill |14| has characterized the geometry of a Riemannian submersion in 
terms of the field tensors T , A defined for E , F G T(TM) by 

A E F = hV hE vF + vV hE hF 
T E F = hV vE vF + vV vE hF 

where V is the Levi-Civita connection of g. Here the symbols v and h are the 
orthogonal projections on V and 7i respectively. For basic properties of Rie- 
mannian submersions and examples see 0], [|J, The letters U, V, W, W 
will always denote vertical vector fields, X, Y, Z, Z' horizontal vector fields and 
E,F,G,G' arbitrary vector fields on M. A vector field X on M is said to be basic 
if X is horizontal and 7r— related to a vector field X' on B. It is easy to see that 
every vector field X' on B has a unique horizontal lift X to M and X is basic. 
The following lemmas are well known (see 



Lemma 1.1. Let X be a horizontal vector field. If g p (X,Z) = g p /(X,Z) for all 
Z basic vector fields on M, for all p,p' G ix~ l {b) and for all b G B then n*X is a 
well defined vector field on B and X is basic. 



Lemma 1.2. We suppose X and Y are basic vector fields on M which are rc- 
related to X' and Y' , and V is a vertical vector field. Then 

a) h[X,Y]is basic and n-related to [X' ,Y']; 

b) hV xY is basic and tx -related to V X ,Y' , where V is the Levi-Civita connection 
on B; 

c) hV v X = A X V. 

Let {ei,...,e m } be a local field of orthonormal frames on M such that e±, e r 
are vertical vector fields and e r+ i, e m are basic vector fields, where r = dim M— 
dim B denotes the dimension of fibres. We have g{e a ^b) = £a,o~ab for every a, b 
(where e a G { — 1,1}). We shall always denote vertical indices by i,j,k,l,... = 



SEMI-RIEMANNIAN SUBMERSIONS WITH TOTALLY UMBILIC FIBRES 



3 



1, r and horizontal indices by a, /3,7, S, ... = r + 1, m. The summation ^2 is 
taken over all repeated indices, unless otherwise stated. 

The convention for the Riemann tensor used is R(E, F)G = V^V^G — V^VeG — 
V [e ,f]G and R(E, F, G, G') = —g(R(E, F)G, G'). 

Let g be the semi-Riemannian metric of a fibre vr _1 (6) , b £ B. We make the 
following notations: 

R, R', R for the Riemann tensors, K, K',K for the sectional curvatures, and s,s',s 
for the scalar curvatures of the metrics g, g', g, respectively; 

#(T,T) = ^eiEjg^e^Te^j) = ^£i£ a #(T ei e a ,T ei e a ) , 

i,j a,t 

div(£) = J^e^CV^ei) +J2 £ <x9(V ea E,e a ). 

i a 

If X is an unitary horizontal vector and V is an unitary vertical vector the 
sectional curvature of the 2-plane {X, V} is called the mixed sectional curvature. 

Definition. A semi-Riemannian submanifold F of a semi-Riemannian manifold 
(M, g) is said to be totally umbilic submanifold if the second fundamental form U 
of F is given by H(U, V) = g(U, V)y for every U, V tangent vector fields to F. 

Notice that TyV is the second fundamental form of the fibres and A X Y is a 
natural obstruction to integrability of horizontal distribution. 

If the fibres of the semi-Riemannian submersion are totally umbilic submani- 
folds then TjjV = -g(U, V)H for every U, V vertical vectors fields and g(T, T) = 

lg(H,H). 

By O'Neill's equations we get the following lemma. 



Lemma 1.3. If n : (M,g) — > (B,g') is a semi-Riemannian submersion with 
totally umbilic fibres then: 

a) R(U, V, U, V) = R(U, V, U, V) + [g(U, V) 2 - g(U, U)g(V, V)]g(y, ^) 

b) R(X,U,X,U) = g(U,U)[g(V X j,X)-g(X,^) 2 }+g(A x U,A x U) 

c) R(X, Y, X, Y) = R'(tt*X, 7r*y, tt*X, tt*Y) - 3g(A x Y, A X Y) 

Using a relation of R. Escobales and Ph. Parker 0, we have the following 
proposition 

Proposition 1.4. Let tt : (M,g) — > {B,g') be a semi-Riemannian submersion 
with totally umbilic fibres and X , Y be basic vector fields. Then A X Y is a Killing 
vector field along fibres if and only if g(VyH, X) = g(V X H,Y) . 

Proof. Let U,V be vertical vector fields. Since the fibres are totally umbilic, for 
every X, Y basic vector fields we have (see f7j) 

g(Vu(A x Y),V) + g(V v (A x Y), U) = ^^l(g(W Y H, X) - g(V x H, Y)). 
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□ 



Corollary 1.5. Let tt : (M,g) — > (B,g') be a semi-Riemannian submersion with 
totally umbilic fibres. We suppose that the mean curvature H is a basic vector 
field. Then AxY is a Killing vector field along fibres for every X ,Y basic vector 
fields if and only if (n+H) is a closed 1—form on B. 

Proof. Let uj = (tt*H) , X',Y' be vector fields on B. We have 

2du)(X', Y') = g'(Vx>n*H, Y') - g'(V Y >^H, X'). 



Let X,Y be basic vector fields such that 7r*X = X', tt^Y = Y'. By lemma [172 
we have 

(g'iVx'^H, Y') - g'(V Y ^H, X')) o tt = g(V x H, Y) - g(V Y H, X). 
Applying proposition [L4| we get the conclusion. □ 
In || we proved the following result. 

Proposition 1.6. Let tt : (M,g) — > (B,g') be a semi-Riemannian submersion 
from an (n + s) -dimensional semi-Riemannian manifold of index s > 1 onto an 
n-dimensional Riemannian manifold. If M is geodesically complete and simply 
connected then 

1) B is complete and simply connected; 

2) we have an exact homotopy sequence 

► tt 2 (B) -> m{fibre) -> m(M) -> m(B) -> 0; 

3) If moreover B has non-positive curvature then the fibres are simply con- 
nected. 

The following proposition is a semi-Riemannian version of Ranjan's formula 
(see [0) in the case with totally umbilic fibres. 

Theorem 1.7. If the semi-Riemannian submersion tt : (M,g) — > {B,g') has 
totally umbilic fibres, then 

(1-1) r HV = div(H) + (1 - -)g(H, H) + g(A, A) 

r 

Proof. From O'Neill ||14|| , we have the following formula 

R( e a-, e i, e ai e i) = 9{ e a T) ej 6j, e a ) + g(A £a ei, A £a ei) — g(T e .e a , T e .e a ) 

g( (V eQ T) ei e i; e a ) = g(V ea (T ei ei) } e a ) - 2g(T e .(vV ea ei),e a ) 

If we denote by = g(vV eoi ei, e 3 -), it is easy to see that ^ + = 0. Since 
T ei ej = T ej 6i we get ej^^.^V^ej), e a ) = Y, -~> 'j , Ij,' 1 ' ' = °- 

Then 

We get the semi-Riemannian version of Ranjan's formula 

r HV = div(if) + #) + A) - 9 (T, T). 
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Since the fibres of the semi-Riemannian submersion n are totally umbilic we have 
g(T,T) = lg(H,H). □ 

2. Integral formulae 



As a consequence of theorem 1.7, we have the following proposition. 



Proposition 2.1. If the semi-Riemannian submersion n : (M,g) — > (B,g') has 
totally umbilic fibres and M is a compact and orientable manifold, then 



(2.2) J r HV dv g = (1 - i) J g(H, H)dv g + J g(A, A)d 

At At At 



Proof. We use the relation ( |1.1|) and j div(H) = 0. □ 

At 

Corollary 2.2. If n : M — > B is a Riemannian submersion with totally umbilic 
fibres and M is a compact and orientable manifold then j r HV dv g > 0. 

At 



By proposition |2.1| , we have the following splitting theorem, which is a general- 



ization of proposition 3.1. of R. Escobales ||. 

Theorem 2.3. Let tt : M — > B be a Riemannian submersion with totally umbilic 
fibres. We suppose that M is a compact and orientable manifold with non-positive 
mixed sectional curvature ( i.e. K(X,V) < for every X horizontal vector field 
and for every V vertical vector field ) . Then 

a) R(X, U, Y, V) — for every X , Y horizontal vector fields and for every U , 
V vertical vector fields; 

b) the horizontal distribution is integrable ( this is equivalent with A = §); 

c) the fibres are totally geodesic. 

Proof. Since r HV < , g(A, A) > and g(H, H) > 0, we get the relations 
t hv = £ i2 ( 6a) e . ; 6aj e .) = o ; g ( Ai A) = o and (1 _ l)^^ H) = Q) by formula 



Hence A = 0. 

Let X be a horizontal vector and V be a vertical vector, 1^0, F^O. We can 
choose a local field e\, e m of orthonormal frames adapted to the Riemannian 
submersion such that ei = jj^, e r+ i = pL. Since r Hy = and i?(e a , e», e a , e») < 
for all i, a we get R(e a , e^, e a , e^) = for all i, a. Therefore R(X, V, X, V) = 
for every X horizontal vector field and for every V vertical vector field. 
We shall prove that the fibres are totally geodesic. 



Since A = 0, R(X, V, X, V) = 0, we have, by lemma |1.3| , 

(2.3) gi y x I L^x)=g{X^f 

for every X horizontal vector field. Let p be an arbitrary point in M and 7 : 
K. — >• M a horizontal geodesic in M, 7(0) = p. We denote by h(t) = g(—,y(t)). 
Rewriting formula (|2.3| ), for every feRwe get 

(2.4) ^(t) = h{tf 
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The differential equation ( |2.4|) has the solution h(t) = or h{t) = —-j^j for some 
i 6 1. But the domain of the maximal solution is the entire real line, only for 
the null solution. Hence g(— , j(t)) = for every 7 horizontal geodesic. Therefore 
// - (I. ' □ 



Proposition 2.4. Let B be an n- dimensional Riemannian manifold, n : M — ► B 
be a semi- Riemannian submersion with totally umbilic fibres and M be an Tri- 
dimensional compact, orientable semi- Riemannian manifold of index r = m — n. 
Then 

(2.5) J(T HV -(l-±)g(H,H))dv g <0, 

M 

we have equality in fl2.5| ) if and only if the horizontal distribution is integrable; 

(2.6) J(r HV -g(A,A))dY 9 >0, 

M 

we have equality in ( |2.6| ) if and only if either r = 1 or the fibres are totally 
geodesic. 

Proof. Since n sends isometrically the horizontal spaces into the tangent space of 
B, and B is a Riemannian manifold, it follows that the fibres are semi-Riemannian 
manifolds of indices r and g(H, H) > 0. Since g(A, A) — ^ £ a £pg(A,, a ep, A ea ep), 

a,f3 

e a = 1 for all a , and the induced metrics on fibres are negative definite, we 
obtain g(A, A) < 0. By formula (|2.2|) we have the conclusion. □ 

Applying proposition ^]4| for a Lorentzian total space we get the following ob- 
struction . 

Theorem 2.5. Let B be a n-dimensional Riemannian manifold. If M is a com- 
pact, orientable (n+1)- dimensional semi-Riemannian space of index 1, with posi- 
tive mixed curvature then there are non : M — > B semi-Riemannian submersions. 

Proof. We suppose that there is such a semi-Riemannian submersion. Since r = 1 
the inequality (|2.5|) implies J r HV < 0, which is a contradiction with the stated 

M 

condition of positive mixed curvature. □ 



Proposition 2.6. If M is a (r + 1) - dimensional semi-Riemannian manifold of 
index r, with negative mixed curvature and B is a one dimensional Riemannian 
manifold then there are no it : M — > B semi-Riemannian submersions with 
compact, orientable total space and totally umbilic fibres. 

Proof. We suppose that there is such a semi-Riemannian submersion. Since dim 
W =1 we have A = . By relation (|2.6|) we obtain J t hv > 0, which is a 

M 

contradiction with negative mixed curvature condition. □ 

Definition. The total scalar curvature of a compact manifold (M, g) is S g = 
J M s g dv g , where s g is the scalar curvature of (M,g). 
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In what follows we give some obstructions to the existence of semi-Riemannian 
submersions in terms of total scalar curvatures of the total space M, the base 
space B and of the fibres. 

We denote by S, S', S the total scalar curvature of (M, g), (B, g') and {n~ l {x),g) 
respectively. 

By lemma |1.3| and formula ( |1.1|) , we get immediately the following proposition. 

Proposition 2.7. If n : M — > B is a semi-Riemannian submersion with totally 
umbilic fibres, then 

(2.7) s = s' o 7T + s + 2div(if) + (1 - -)g(H. H) - g(A, A) 

r 

Integrating formula ( p.7|) we get 

Proposition 2.8. Ifir : M — > B is a semi-Riemannian submersion with compact 
and orientable total space M and with totally umbilic fibres, then 

(2.8) S - (S' o 7T + S) = (1 - i) J g(H, H)dv g - j g{A, A)dv g 

M M 



Corollary 2.9. Let B be an n-dimensional Riemannian manifold, it : M — > B 
be a semi-Riemannian submersion with totally umbilic fibres and M be an Tri- 
dimensional compact and orientable semi-Riemannian manifold of index r = m — 
n. Then S > S'on + S. We have equality if and only if the horizontal distribution 
is integrable and either r = 1 or the fibres are totally geodesic. 



Proof. We have g(H,H) > 0, g(A, A) < 0. Hence, by formula (2~S), we get the 



conclusion. □ 



Proposition 2.10. If n : M — > B is a Riemannian submersion with compact 
and orientable total space M and with fibres of dimension 1 then S < S' o 7r We 
have equality if and only if the horizontal distribution is integrable. 

Proof. We have g(A, A) > 0, S- (S'on + S) = - J g(A, A)dv g and s = 0. Hence, 

M 

by (p|), we get S < S' o %. □ 
Let s n = £ a p(e a > e a ), where p is the Ricci tensor of M (see [jl2"|). 

a 

Proposition 2.11. If it : (M,g) — > {B,g') is a semi-Riemannian submersion 
with totally umbilic fibres then 

(2.9) s n - s' o 7T = div(#) + (1 - -)g(H, H) - 2g(A, A) 

r 
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Proof. By lemma |1.3| we have 

s h -s'oti = }] E a £jR(e a , ej, e a , ej) + }] e a epR(e a , e^,e a , ep) 



a,i a,/3 

= e M^e a H, e a ) - ^g(e a , H) 2 ) + g(A, A) - 3g(A, A) 

a 

= div(H) - e ig {V ei H, a) - ~g{H, ^ e a g(e a , H)e a ) - 2g(A, A) 

i a 

= div(H) + (l-^)g{H,H)-2g{A,A) 

□ 

Integrating formula ( f2.9| ) we get 

Proposition 2.12. If tx : (M,g) — > (B,g') is a semi-Riemannian submersion 
with totally umbilic fibres and if M is a compact and orientable manifold then 

(2.10) J (s n - s> o vr)dv 3 = (1 - ~) J g(H, H)dv g - 2 J g(A, A)dv g 

M M M 

Corollary 2.13. Let B be an n-dimensional Riemannian manifold, tt : M — > B 
be a semi-Riemannian submersion with totally umbilic fibres and M be an Tri- 
dimensional compact and orientable semi-Riemannian manifold of index r = m — 
n. Then 



J (s n - s' o n)dv g > 



M 



We have equality if and only if the horizontal distribution is integrable and either 
r = 1 or the fibres are totally geodesic. 

Proof. We have g(H,H) > and g(A, A) < 0. Therefore, by (glED , we get the 
conclusion. □ 

3. Mean curvature vector field 

We denote by p, p' and p the Ricci tensors of the manifolds M, B and of the 
fibre 7r _1 (6), b G B. The letters U, V denote vertical vector fields and X, Y 
horizontal vector fields. 

We introduce the following notations (cf. Q): 

g(A x ,Tu) = ^2e a g(Axe a ,Tue a ) = ^2e i g(A x e i ,T u e i ), 

a i 

6 A = -J2s a (V ea A) ea , 8T=-J2s i (V ei T) ei 

a i 

where = g(e h e k ) for all i, k , e a 5 a/3 = g(e a , e p ) for all a, (3. 

Proposition 3.1. Let it : (M,g) — > (B,g') be a semi-Riemannian submersion 
with totally umbilic fibres. Assume that the dimension of fibres r > 2. Then the 
following conditions are equivalent: 

i) the mean curvature vector field H is a basic vector field; 
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ii) g((8T)U, X) — g(A x , T v ) = for every U vertical vector field and for every 
X horizontal vector field; 

iii) p(X, U) + g((SA)(X), U) + (r + l)g(Tjj, Ax) = for every U vertical vector 
field and for every X horizontal vector field. 

Proof. i)<^> ii) 

Since the fibres are totally umbilic we have g((5T)U, X) = —-g(VuH,X) and 
g(Ax,Tu) = ^g(A x U, H) for every U vertical vector field and for every X hori- 
zontal vector field. 

Let X be a basic vector field. By lemma [TT^ , we have Axil = KWuX. Then 
g((8T)U,X)-g(A x ,Tu) = -±g(V v H,X) - \, 9 {hVuX,H) = -±Ug(H,X). 
Hence, by lemma jl.ll, H is a basic vector field if and only if the function g(H, X) 
is constant along fibres for every X basic vector field. 
i)<^> iii) 

Let X be a basic vector field. Using (9.36b) in Q], we compute 

p(U,X) = g((5T)U,X) + g(V u H,X)-g((5A)(X),U)-2g(T u ,A x ) 
= g((ST)U, X) - g(T v , A x ) + Ug(H, X) - g(H, A X U) 

-g((8A)(X),U)--g(H,A x U) 
r 

= (1 - \)Ug{H,X) - r -±l g (H,A x U) - g((5A)(X),U). 

Then 

(3.11) p{X, U) + g((SA){X), U) + (r + l)g(Tu, A x ) = (1 - ^)Ug(H, X) 
Applying again lemma we get the conclusion. □ 

Remark 3.2. By proposition \3.1\ and theorem 2.2 in 0, H is a basic vector 
field if and only if the contractions (1, 3) and (2, 4) of the Riemann tensor of the 
Vranceanu connection are equal. 

The following proposition is well known (see Proposition 9.104 in Q). 

Proposition 3.3. // B, F are semi-Riemannian manifolds and f : B — > R is a 

positive function then n : BxjF—>-Bisa semi-Riemannian submersion with 
totally umbilic fibres, A = and H a basic vector field. 

Conversely, if 'n : (M,g) — > {B,g') is a semi-Riemannian submersion with totally 
umbilic fibres A = and H a basic vector field then M is a locally warped product. 

Corollary 3.4. If tt : (M,g) — > {B,g') is a semi-Riemannian submersion with 
totally umbilic fibres, if M is an Einstein manifold, r > 2 and the horizontal 
distribution 7i is integrable then M is a locally warped product. 

Proof. Since A = 0, p(X, U) = 0, we have if is a basic vector field, by proposition 
|3.1| . By proposition 9.104 in we have M is a locally warped product. □ 

Definition. A semi-Riemannian submanifold is said to be an extrinsic sphere if 
it is totally umbilic and the mean curvature vector field H is nonzero anywhere 
and parallel in the normal bundle. 
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Corollary 3.5. Let tt : (M,g) — > {B,g') be a semi-Riemannian submersion. If 
the mean curvature vector field H is basic, dim B = 2, and the fibres are extrinsic 
spheres then the horizontal distribution 7i is integrable and M is a locally warped 
product. 

Proof. Since if is a basic vector field and hVuH = for every U vertical vector 
field, it follows Ah = 0, by lemma \1.2\ . By dim 7i= 2 and H p ^ for every 
p G M we have A = 0. Therefore, by proposition 9.104 in [|J, M is a locally 
warped product. □ 

We would like to know how much a semi-Riemannian submersion with totally 
umbilic fibres is different to be a locally warped product. For this purpose we 
assume that R(X, Y, X, Y) is constant along fibres for every X,Y basic vector 
fields and the mean curvature vector field H is parallel in the horizontal bundle 
along fibres. 

First, we give equivalent conditions to these assumptions. 

Proposition 3.6. Let n : (M,g) — > (B,g') be a semi-Riemannian submersion. 
Then the following conditions are equivalent: 

i) R(X,Y, X,Y) is constant along fibres for every X , Y, Z basic vector fields; 

ii) the function g(A x Y, A X Z) is constant along fibres for every X, Y, Z basic 
vector fields; 

Hi) hR(X,Y)Z is a basic vector field for every X, Y , Z basic vector fields. 

Proof, i) ii) Let X, Y be basic vector fields. By lemma |1.3| , we have 

R{X, Y, X, Y) = R'(k*X, tt*Y, 7r*X, n*Y) on- 3g(A x Y, A X Y) 

If R(X, Y, X, Y) is constant along fibres then g(AxY, A X Y) is constant along 
fibres. By polarization, we get g(A x Y, A X Z) is constant along fibres. 
ii) =^ Hi) If g(A x Y, A X Z) is constant along fibres for every X, Y, Z basic 
vector fields then A X A X Y is basic for every X, Y basic vector fields, by lemma 
l7T| . Therefore, by polarization, A x AyZ + AyA x Z is basic for every X, Y, 
Z basic vector fields. By O'Neill's equations (see Q), we have hR(X, Y)Z = 
R'(X, Y)Z - 2A Z A X Y + A X A Y Z - A Y A X Z, where R'(X, Y)Z is the horizontal 
lifting of R'ln^X, -K Sf Y)-K^Z. Rewriting this formula we get 

hR(X, Y)Z = R'(X, Y)Z - {A Z A X Y + A X A Z Y) + (A Z A Y X + A Y A Z X). 

Hence hR(X, Y)Z is a basic vector field for every X, Y, Z basic vector fields. □ 

Let p v (E) = J2eiR(E,ei)ei for every E tangent vector field to M. 

i 

Proposition 3.7. Let it : (M,g) —* {B,g') be a semi-Riemannian submersion 
with totally umbilic fibres. If r > 2 then the following conditions are equivalent: 

i) the mean curvature vector field H is parallel in the horizontal bundle along 
fibres, 

ii) p v (U) is vertical for every U vertical vector field. 
Proof. By O'Neill's equation (see P^j), we have 

R(ei, U, e u X) = 9 {{VuT) ei e h X) - g{{V ei T) uei , X). 
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Then 

J2^9((^uT) ei ei,X) = J2 £ A9( V uT ei e i ,X)-g{T Vuei e i ,X) 

i i 

-g(T ei Vue h X)} 
= g{V u H,X)-^22e i g(V u e i ,e i )g(j,X) 

i 

= g(V u H,X)-J2^U(g(e l ,e l )) g(^-,X) 

i 

= g(V v H,X) 
Since the fibres are totally umbilic, we also have 

J>s((V ei T) es f/,X) = l -g{VuH,X). 

i 

Replacing these in O'Neill's equation, we obtain 

g(p v (U),X) = J2^R(e t ,U,e u X) = (1 - ^)g(VuH,X). 

i 

Therefore p v {U) is a vertical vector field for every U vertical vector field if and 
only if H is parallel in the horizontal bundle along fibres. □ 

Theorem 3.8. Let n : (M,g) — > {B,g') be a semi-Riemannian submersion with 
totally umbilic fibres. We suppose that R(X, Y, X, Y) is constant along fibres, H 
is parallel in the horizontal bundle along fibres, s — s' G {0, r}. Then H is a basic 
vector field if and only if hR(X, Y)AxY is a basic vector field for every X, Y 
basic vector fields. 

Proof, a) We suppose that hR(X, Y)A X Y is a basic vector field for every X, Y 
basic vector fields. Let X, Y, Z be basic vector fields. 
Using O'Neill's equation (see jlij ) we get 

R(X,Y,X,A X Y) = g((V x A) x Y,A x Y) + 2g(A x Y,T AxY X) 

= g(V x A x Y, A X Y)) - g(A^ xX Y, A X Y) - g(A x V x Y, A X Y) 

+2g(A x Y, T AxY X) 

= l -X{g{A x Y, A X Y)) - g(A Y hV x X, A Y X) - g(A x hV x Y, A x 
+2g{A x Y,T AxY X). 

By proposition |3T6|, the function g(A x Y, A X Z) is constant along fibres. If hR(X, Y)A 
is basic then g(A x Y, T Ax yX) is constant along fibres. Let U be a vertical vector 
field. Then 

= U(g(T AxY X,A x Y))= - ~U(g(X, H)) g(A x Y, A X Y) 

- -g(X,H)U{g{A x Y,A x Y)), 
r 

thus, we get 

(3.12) = U(g(X, H)) g(A x Y, A X Y) 
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for every X, Y basic vector fields. 

Let p in M be an arbitrary point. Let Y be a basic vector field such that Y p = H p . 
The relation ( |3.12| ) in point p become 

(3.13) = U p (g(X,H)) g p (A Xp H p , A Xp H p ) 

We have two possible situations: 

Case 1. A Xp H p ^ 0. 

Since the metrics of fibres are negative definite for s — s' = r or positive defi- 
nite for s — s' = we have g p (A Xp H p , A Xp H p ) ^ 0. By relation ( |3.13| ), we get 
U p (g(X,H)) = 0. 

Case 2. A Xp H p = 

Since H is parallel in the horizontal bundle along fibres we have U(g(H, X)) = 
—g(A x H, U). Using the hypothesis of Case 2, A Xp H p = 0, we get U p (g(H, X)) = 


In both cases we proved that U p g(H, X) = for an arbitrary pel and for 
every X basic vector field. By lemma it follows that H is a basic vector field. 



b) We suppose H is a basic vector field and we shall prove hR(X, Y)A X Y is 
basic for every X, Y basic vector fields. 
By O'Neill's equation, we get 

R(X,Y,Z,A X Y) = ~Z(g(A x Y,A x Y))-g(A Y hV z X,A Y X) 

-g(A x hV z Y, A X Y) - g(A x Y, A x Y)g(-, Z) 

r 

-g(A Y Z, A Y X)g(^-, X) - g(A x Z, A x Y)g(^, Y). 

Hence g(hR(X, Y)A X Y, Z) is constant along fibres for every X, Y, Z basic vector 
fields. Therefore, by lemma |1.1| , hR(X, Y)A X Y is basic. □ 

We apply the theorem |3.8| in two particular cases, when the total space is either 
a constant curvature semi-Riemannian manifold or a generalized complex space 
form. 

Corollary 3.9. Let tt : (M,g) — > (B,g') be a semi-Riemannian submersion with 
totally umbilic fibres. If M is a semi-Riemannian manifold with constant curva- 
ture and if r > 2, s — s' G {0, r} then H is a basic vector field and Ah = 0. 

Proof. If M has constant sectional curvature c then for every X, Y basic vector 
fields and for every U vertical vector field we get: 

1) R(X, I 7 ", X, Y) = c(g(X, X)g(Y, Y) - g(X, Y) 2 ) is constant along fibres; 

2) R(X, Y)A X Y = c(g(A x Y, X)X - g(A x Y, Y)Y) = 0; 

3) p v {U) = Y^£iR{U,ei)ei = J2 Eic{g{e h e^U - g{U, e^) = c(r—i)U is a vertical 

i i 

vector field. Therefore, by theorem and proposition |3.7| , H is a basic vector 
field. Hence, by lemma |1.2| , An = 0. □ 



The totally umbilic submanifolds of generalized complex space forms was classi- 
fied by L. Vanhecke in |17| (see also survey paper flOR). Applying theorem j3T8| we 
get 
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Corollary 3.10. Let tt : (M.g) — > (B,g') be a semi-Riemannian submersion 
with totally umbilic fibres from a generalized complex space form onto an almost 
hermitian manifold. If n is a holomorphic map, r > 2, s — s' G {0,r} then H is 
a basic vector field and Ah = 0. 

Proof. If (M, J) is a generalized complex space form of constant holomorphic 
sectional curvature \i and of type a then the curvature tensor field satisfies (see 

H) 



R(E,F,G,G') = ^(fi + 3a){g(E,G)g(F,G')-g(E,G')g(F,G)} 

+\(» ~ a){g(E, JG)g(F, JG') - g(E, JG')g(F, JG)} 

+^-a)g(E,JF)g(G,JG'). 

Since 7r is a holomorphic map, we get JX is basic for every X basic vector field. 
Hence R{X, Y, X, Y) is constant along fibres, g{p v {U),X) = and R(X, Y, Z, U) = 
for every X,Y, Z basic vector fields and for every U vertical vector field. There- 
fore, by theorem [3.8| and proposition |3.7| , if is a basic vector field. □ 

Proposition 3.11. Let ir : (M,g) — > (B,g') be a semi-Riemannian submersion 
with totally umbilic fibres. If R(X, Y, X, Y) is constant along fibres for every X , 
Y basic vector fields, H is basic and B is a compact and orientable manifold then 
T HV IS constant along fibres and 

(3.14) J t' hv = ~j g'(^H,^H)dv' g + J g'(A, A)dv' g 

BE B 

where g'(A, A), r' HV are the functions on B satisfying g'(A, A) on = g(A, A) and 
t >hv 07V = t hv^ 

Proof. By theorem [1.7| we have 

r HV = div(if) + (1 - ~)g(H, H) + g(A, A). 

r 

Using lemma \1.2\ we get 

div(H)+g(H,H) = Y, £ o i g{^e a H,e a )+Y, £ ^e i H 1 e i )+g{H 1 H) 

a i 

= ^^ag'iV^Tr^H^^ea) o tt + ^2ei[g(T ei H,ei) + g(H,T ei ei)] 

a i 
= dxv'(7T*H) O 7T 

Since the function g(A ea ep, A ea ep) is constant along fibres we can consider the 
function g'(A, A) on B given by g'(A, A) o n = g(A, A). Then 

(3.15) r HV = [div'(7r*#) - -9'(n*H, tt*H) + g'(A, A)] o tt. 

r 

and T HV is constant along fibres. Let r' HV be the function on B such that 
r'HV 0% = t hv_ g ince j fo/faH) = 0, it follows the formula ( gig) . □ 
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Corollary 3.12. Let n : (M,g) — > (B,g') be a semi-Riemannian submersion 
with totally umbilic fibres. If M is a semi-Riemannian manifold with constant 
curvature c, r > 2, s — s' G {0,r} and B is a compact and orientable manifold 
then 

(3.16) mcvol(B) = ~J g'{7r*H,ir*H)dv' s + J g'(A,A)dv' g 

B B 

where g'(A, A) is the function on B satisfying g'(A, A) o n = g(A, A). 

Proof. Since M is a semi-Riemannian manifold with constant curvature c, we get 
R(e a , e», e a , e*) = SiS a c. So t hv = rnc. □ 

Theorem 3.13. Let B be an n-dimensional compact and orientable Riemannian 
manifold, n : M — > B be a semi-Riemannian submersion with totally umbilic 
fibres. We suppose that M is an m- dimensional semi-Riemannian manifold of 
index r = m — n with non-negative mixed curvature, R(X, Y, X, Y) is constant 
along fibres, for every X , Y basic vector fields, and H is basic. Then 

i) K(X, V) = for every X horizontal vector field and for every V vertical vector 
field; 

ii) the fibres are totally geodesic and the horizontal distribution is integrable, hence 
M is a locally warped product. 

Proof. Since e a = 1, the metrics induced on fibres are negative definite, we have 
g(A,A) = e a epg{A ea ep,A ea e p ) < 0. By proposition [TTT], / r' HV < 0. 



a , P B 

But the mixed curvature is non-nee: ative, hence t' hv > 0. Therefore K(X, V) = 
for every X horizontal vector field and for every V vertical vector field and A = 0, 
T = 0. □ 

Corollary 3.14. Let B be an n-dimensional compact and orientable Riemannian 
manifold, n : M — > B be a semi-Riemannian submersion with totally umbilic 
fibres. We suppose M is an m- dimensional semi-Riemannian manifold of index 
r = m — n with constant curvature c and r > 2. Then 

i) c< 0; 

ii) If c = then the fibres are totally geodesic and the horizontal distribution H 
is integrable. 



Proof. If we suppose c > then, by theorem |3.13|, we get c = K(X, V) = 



which is a contradiction with our assumption. Therefore c < 0. □ 

Corollary 3.15. Let B be an n-dimensional simply connected Riemannian man- 
ifold, 7r : M — > B be a semi-Riemannian submersion with totally umbilic fibres. 
If M is an m- dimensional semi-Riemannian manifold of index r = m — n > 2 
with constant curvature c then B is not compact. 

Proof. If we suppose that B is a compact Riemannian manifold then B is com- 
plete. By corollary [3.14| , we get c < 0. It follows K' < 0, by lemma |1.3| . By 



Hadamard's theorem, we have B is diffeomorphic to W l . Therefore B is not 
compact. □ 

We introduce the notion of Clairaut semi-Riemannian submersion (see |J). 
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Definition. Let B be an n- dimensional Riemannian manifold, ir : (M, g) — > 
(B, g') be a semi-Riemannian submersion, M be an m-dimensional semi- Riemannian 
manifold of index r = m — n and 7 be a timelike geodesic in M. We denote the 
velocity vector field of 7 by E = 7' and its vertical part by V. At each point 7(5) 
we define <p(s) to be the hyperbolic angle between E and V, i.e. <p > is the 
number satisfying: 

2(£,y) = -||£|H|y||cosh^ 
where ||£|| 2 = —g(E, E) and ||y|| 2 = — #(V, V). 

7r : (M, (/) — > (B, g') is said to be a Clairaut semi-Riemannian submersion if there 
is a positive function w : M — > R such that for every timelike geodesic 7 in M, 
u> cosh (p is constant along 7. We call r the gzrt/i of the submersion. 

The following characterization of Clairaut semi-Riemannian submersion given 
by D.Allison fl|] for 1-dimensional fibres has a similar proof for r-dimensional case 

Proposition 3.16. Let B be an n-dimensional Riemannian manifold, ix : (M,g) — > 
(B,g') be a semi-Riemannian submersion and M be an m-dimensional semi- 
Riemannian manifold of index r = m — n. Then n is a Clairaut semi-Riemannian 
submersion with girth w = expf if and only if the fibres are totally umbilic 
with a gradient H = — grad/ as mean curvature vector field. Furthermore for 
a Clairaut semi-Riemannian submersion having connected fibres f — o tt for 
some : B — > R and H is a basic vector field obtained by lifting = — grad/* 
horizontally. 



Lemma 3.17. Let ix : (M,g) — > (B,g') be a semi-Riemannian submersion with 
totally umbilic fibres. We suppose that H is a basic vector field and parallel 
in the horizontal bundle along fibres and there is a constant c € R such that 
g(p v (y), X) = cg(H,X) for every X horizontal vector field. Then: 

1 ,. ,H H . . . ,H 
(3.17) -grad(c + g(-, -)) = (c + g{-, -))- 

Proof. Let X,Y be horizontal vector fields and U be a vertical vector field. By 
O'Neill's equation [0 we have 

R{X,U,Y,U) = g(U,U)[g(V x -,Y)-g(X,-)g(Y,-)} 
+g((VuA) x Y, U) + g(A x U, A Y U) 

Let Y = — . Since H is a basic vector field and parallel in the horizontal bundle 
along fibres we get Ah = 0. Therefore 

g((VuA) x H, U) + g(A x U, A H U) = 

Since 

V £i R(X, et, -, a) = g(p v (-),X) = cg(H, X) 
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we obtain 

H. if if. if. .if if, 

g x, - c = <? V x - - - <7 (X, -)g{-, - ; 

ry ry ry ry ry 

H., ,H if if if. 1 ^ .if if. 

g X, - c + - - = g(V x -, - = -X 5 - - ; 

ry I T* T* T* 2i <Y* f 

1 .if if. . .if if. .if. 

p X, -grad <? - - - c + g(-, - - = 

2^ i 7™ tr* tr* tr* 

for every X horizontal vector field. 

This implies \h (grad g (f,f)) = ( c + g(f,f))f. ^ 

Since if is parallel in the horizontal bundle along fibres, it follows that g(H, if) 
is constant along fibres. Hence -ugrad(g(^, — ) + c) = 0. □ 

Lemma 3.18. Let tt : M — > B be a semi-Riemannian submersion. If either 

i) M has constant curvature, or 

ii) M and B are Einstein manifolds and Ah = 
then there is c G K. such that 

g(p v (-),X) = C g(H,X) 
r 



for every X horizontal vector field. 

Proof, i) If M has constant curvature c then 



<?(/(-), X) = re j i?(-,e <J X ) e i ) = cg(H,X) 

ry ' -J ry 



for every X horizontal vector field, 
ii) We define 



as 

for every E vector field on M. We have 

p(-, X) = g( P v (-), X) + g( P n (-), X). 

ry ry ry 

Since M and B are Einstein manifolds, for some A, A' 6 1 we have p{-,X) = 
\g(—,X) and /t/(7r* — , 7T*X) = A'<7(7r*— , 7r*X) for every X horizontal vector. 
By lemma |1.3| , we get 

p'fa— ,7r*X) = y^s a (R(— ,e a ,X, e a ) + 3g(A £a — ,A Ba X)) 

ry Z—^^ <y ry 

a 

r 

It follows 

g(p V (y),X) = (\-\')g(*,X) 
for every X horizontal vector field. □ 
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Theorem 3.19. Let n : (M,g) — > (B,g') be a semi-Riemannian submersion 
with totally umbilic fibres. We suppose that H is a basic vector field and parallel 
in the horizontal bundle along fibres and there is a constant c G R such that 
g(p v (y), X) = cg(H,X) for every X horizontal vector field. If g(—,-jr) ~ c 
for all p G M then 

HI H H 

- = -grad(ln|c +(?(-,-)(). 

If moreover B is an n-dimensional Riemannian manifold, and M be an Tri- 
dimensional semi-Riemannian manifold of index r = m — n then % is a Clairaut 
semi-Riemannian submersion. 



Proof. Since g(— , — ) +c ^ for every point p G M, we have, by formula Q3.17 ) 



H 1 ... . ,H H. .. 
- = -grad(ln \g( — , — ) + c\). 



By proposition 3.16, we get % is a Clairaut semi-Riemannian submersion. □ 



Corollary 3.20. Let B be an n-dimensional Riemannian manifold, tt : (M,g) — > 
{B,g') be a semi-Riemannian submersion with totally umbilic fibres and M be an 
m- dimensional semi-Riemannian manifold of index r = m — n > 2 with constant 
curvature c. If g{—, ^r) ^ — c for all p G M then 

- = -grad(ln|c + ^(-,-)|) 
and n is a Clairaut semi-Riemannian submersion. 



Proof. By lemma 3.18 and by theorem 3.19 we get the conclusion. □ 



By corollaries |3.9| and |3.12| and use of [ TT | , we get more information about 



curvature of total space, in the constant curvature case. 

Proposition 3.21. Let it : (M,g) — > (B,g') be a semi-Riemannian submersion 
with totally umbilic fibres. We assume that B is an n-dimensional Riemannian 
manifold, M is an m- dimensional semi-Riemannian manifold of index 
r = m — n > 2 with constant curvature c. If g( — , — ) + c > everywhere, 

H H 

9(^r~> + c> at some point p G M, and if each fibre is a compact manifold 
then the horizontal distribution is integrable and M is a locally warped product. 
If moreover B is a compact and orientable manifold then c < 0, n ^ 1 and M is 
not a compact and orientable manifold. 

Proof. If M has constant curvature, then for every U vertical vector field we 
have p(U, U) = (r — l)g(U, U)(g(—, — ) + c). Since the metrics of the fibres are 
negative definite we have p(U, U) < everywhere and p is negative definite in po. 
By corollary |3l], we have if is a basic vector field. Therefore, by the theorem in 
1TT| , the horizontal distribution is integrable and M is a locally warped product. 



If B is compact and orientable then, by corollary |3.12 



(n - l)cvol(S) = - / (g'(^, ^) + c))dv g 



B 
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Hence (n — l)c < 0. If we suppose M is a compact and orientable manifold then 
by proposition fO we have 



/H H 1 f 

(g(—, — ) + c)dv g + - / g(A, A)d\ 



M M 



By g( — , — ) + c > in p and <?(v4, A) = we get c > 0, which is a contradiction 



with corollary |3.14| . □ 



Proposition 3.22. Let B be an n- dimensional compact and orientable Riemann- 
ian manifold, n : (M, g) — > (B, g') be a semi-Riemannian submersion with totally 
umbilic fibres and M be an m- dimensional semi-Riemannian manifold of index 
r = m — n with constant curvature c. If each fibre is a compact manifold, r > 2, 
n > 3, and if 

(3.18) g(^,^) + c>0 

(3.19) 3g(^, ^)+nc- -g p (A, A) > 

ry ry ry 

for all p E M then g(f, f ) + c = 0. 

Proof. We denote by Asf = div(grad /) the Laplacian of B defined on functions 
/ : B -»• R. 

Let / be the function on B given by 



By lemma |3.17| we have the equation Igrad / = f 1 ^-. We get 



X -A B f = Idiv(grad/) = div(/^) = (^)(/) + /div(^) 
2 2 r r r 

= g (grad/, —) + /div(— — ) 
= 2//^,— +/div — 

ry ry ry 

Using relation ( |3.15| ) we have 

div ) = nc + g\ , ) - -g'(A, A), 

ry ry /y ry 

where g'(A, A) is the function satisfying g(A, A) = g'(A, A) o ir. We obtain 

\/\ B f = f(3(f-c)+nc--g'(A,A)) 
2 r 

= (? , ) + c 3^' , ) + nc - -</(A A)) > 

ry ry ry ry ry 

Since A#(/) > and i? is a compact and orientable manifold, we have / is a 
constant function and A^(/) = 0, by Hopf's lemma. 

If we suppose / = g'{^, ^) + c> then, by corollary [TSIJ, A = 0, c < 0. 
A^/ = implies 3g'( E± ^- 1 ZE ^) + nc = 0. From corollary |3.12| , we obtain 
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j^g'^TuJL^ zE*ii) _|_ nc )dv g / = 0. Since (?'( ZL± ^, ZL± ^) is a nonnegative constant func- 

B 

tion we have g'i 11 ^-, 11± ^-) = 0. It follows H = 0. Therefore c > 0. This is a 
contradiction with condition c < given by corollary 3.14 . 

All these imply a'( — , — ) + c = 0. □ 



Lemma 3.23. The condition Sg(— , — ) + nc > /or every p e M implies the 
conditions (|3.18|) and (|3.19| ) m proposition 3.22| . 

Proof. Since o(A, ^4) < and (n — 3)o(-^ E , — ) > for every jo G M we have the 
conditions ( |3.18| ) and ( |3.19| ) in proposition |3.22| . □ 

By lemma |3.23| and proposition |3.22| , we have the following corollary. 

Corollary 3.24. Let B be an 3- dimensional compact and orientable Riemannian 
manifold, n : (M, g) — > (B,g f ) be a semi- Riemannian submersion with totally 
umbilic fibres and M be an m- dimensional semi- Riemannian manifold of index 
r = m — 3 with constant curvature c. If r > 2, if each fibre is a compact manifold 
and ifg(f, f ) + c > then g(f, f ) + c = 0. 
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